We study second harmonic generation in centrosymmetric Weyl semimetal with broken time reversal symmetry. We calculate electric current density at the double frequency of the propagating electromagnetic field in the presence of applied constant magnetic field, using the method of kinetic equation for electron distribution function. It is shown that the chiral anomaly contribution to second harmonic generation in the lowest order is linearly proportional to the applied magnetic field. The limit when the chiral anomaly dominates over the Lorentz-type contribution to second harmonic generation is discussed.
Introduction. Dirac-Weyl semimetals are new theoretically predicted [1] [2] [3] [4] [5] and experimentally discovered materials [6] [7] [8] [9] [10] [11] extending the class of two-dimensional topological electronic states of matter to three dimensions [12, 13] .
The electronic excitations in these systems behave as Dirac-Weyl fermions, which allows the study of relativistic quantum mechanics in the table-top condensed matter experiments. In particular the bulk band structure of Weyl semimetals is characterized by the presence of two or more nondegenerate linearly dispersing band-touching points, called Weyl points, associated with chiral massless fermions in three-dimensional real space. These Weyl points behave as a sink or source for the Berry curvature in momentum space. The Weyl semimetal state can be realized by breaking time reversal or inversion symmetries in the system tuned to the vicinity of the topological insulator -normal insulator phase transition [14] .
Weyl fermions give rise to the chiral anomaly [15, 16] , which is the non-conservation of the number of particles of a given chirality induced by the parallel electric and magnetic fields [17] . The physics of the chiral anomaly can be explained as follows. Consider the spectrum of electrons in Weyl semimetal with only two Weyl points and in the presence of the magnetic field. Due to the linear dispersion around two Weyl points, two zero Landau levels are chiral and velocities of electrons along the magnetic field have opposite sign for states around Weyl points with opposite chirality. The component of electric field parallel to the magnetic field will generate charge imbalance between two chiral modes, pumping electrons between Weyl points with opposite chirality. The nonconservation of the chiral charge is called by the chiral anomaly.
Signatures of the chiral anomaly induced negative and quadratic in the magnetic field magnetoresistance, which possesses anisotropy as a function of the angle between the electric and magnetic fields [18, 19] , were observed in the theoretically proposed Dirac-Weyl semimetals: Cd 3 As 2 , TaAs, NbAs, Na 3 Bi, ZrTe 5 [8-11, 20, 21] .
Although some attention was paid to the anomalous transport properties of Weyl semimetals, to the best of our knowledge the interplay of the chiral anomaly and nonlinear optical properties is less explored [22, 23] . Stimulated by optical spectroscopy experiments of Weyl semimetals [24, 25] , we propose the theoretical study of the effect of the chiral anomaly on nonlinear optical phenomena in these systems.
In this paper we study second harmonic generation (SHG) in centrosymmetric Weyl semimetal with broken time reversal symmetry. The SHG is the nonlinear optical effect related to the response of the electric current at a double frequency of the incident electromagnetic wave. The SHG in systems with spatial inversion centre in the lowest order is linear in the wave-vector of the electromagnetic field and quadratic in the electromagnetic field amplitudes. Neglecting nontrivial topology of the band structure of Weyl semimetals the theory of SHG in these systems can be obtained by generalizing the theory of SHG in graphene [26] to three spatial dimensions.
We show that the topologically nontrivial electronic structure of Weyl semimetals might be probed via SHG. Although, the effect of chiral anomaly is absent in Weyl semimetals radiated by the transverse electromagnetic wave, applying constant magnetic field to the system gives rise to anomaly contributions to SHG.
We find that electromagnetic field with frequency ω and amplitude (E 0 , B 0 ) radiating two-valley Weyl semimetal subject to applied constant magnetic field B c gives rise to SHG contribution in the form
where µ is the Fermi energy, ω c = −ev 2 B c /cµ is the cyclotron frequency, e < 0 is the electron charge, v is the Fermi velocity, 1/τ = 1/τ 0 + 1/τ v is the relaxation rate, in which τ 0(v) defines intra (inter) valley scattering time, σ = 2e 2 νD is the conductivity, ν = µ 2 /2π 2 v 3 is the electronic density of states per spin and per valley, and D = v 2 τ /3 is the diffusion coefficient. Electromagnetic wave generates ac current at a double frequency along constant magnetic field B c only if there exists a component of wave-vector q, which is transverse to this field. SHG has a peak at frequency ω ∼ 0 with a half-width 2/τ v . It is also shown that cyclotron contributions to J (2) , which are explicitly written in Supplemental Material (SM), have peaks at frequencies ω c and ω c /2 with half-widths 1/τ .
Model.
We consider a minimal model of centrosymmetric Weyl semimetal with only two valleys in its band structure. Conduction and valence bands in each valley touch at a single Weyl point in momentum space. Low energy excitations around these two Weyl points of opposite chirality, at the same energy, and separated in the momentum space are described by the Hamiltonian
where s = ± defines chirality of a given valley, 2Q is the separation of two Weyl points along z-axis in momentum space,ê z is the unit vector ( = 1 throughout our calculations). We consider that the Fermi level crosses conduction band only, namely we set µ > 0. The SHG in Weyl semimetal is studied in the following way. The system is placed in the constant magnetic field B c , which is directed along z-axis, and is radiated by the transverse electromagnetic wave. The electric E(r, t) and magnetic B(r, t) fields are taken in the form
where E 0 = (E 0,x , E 0,y , E 0,z ) and B 0 = (B 0,x , B 0,y , B 0,z ) are the amplitudes of the incident transverse electromagnetic field with wave-vector q. Here it is assumed that in the medium E 0 · B 0 = 0, while generally E 0 · B c = 0. Assuming that the cyclotron frequency related to magnetic field B c is much smaller than the Fermi energy as well as the frequency and wave-vector of incident electromagnetic wave are much smaller then the Fermi energy and Fermi momentum respectively, ω ≪ µ and q ≪ µ/v, the SHG can be studied within the framework of Boltzmann equation.
Kinetic equation. We proceed further by writing down kinetic equation for the distribution function of electrons n k,s (r, t) in the phase space (k, r) for the valley s of Weyl semimetal in the presence of electric E(r, t) and magnetic B(r, t) fields [27, 28]
Kinetic equation is supplemented by the semiclassical equations of motion, which include effects of the Berry curvature and orbital magnetic moment of electronṡ
where
∂k is the group velocity of the wave packet, which energy E k,s includes correction due to magnetic
and eẼ = eE − ∂E k,s /∂r. Thus, the velocity of the wave packet is given by
Nontrivial topology of the band structure of Weyl semimetal gives rise to the Berry curvature, which is for the s-th valley given by [27] Ω k,s = sk/2k 2 , where k ≡ |k| andk ≡ k/k is the unit vector. Surface integral of the Berry curvature around the Weyl point with chirality s = ± satisfies S dS · Ω k,s = 2πs.
Solutions to equations of motion Eq. 5 are given bẏ
Coupling of the electromagnetic field with the Berry curvature and magnetic moment of chiral fermions gives rise to the unusual properties of Weyl semimetals [14] . In particular, second and third terms inṙ describes the anomalous Hall and chiral magnetic effects respectively, third term ink describes the chiral anomaly within the quasiclassical approach. Collision integral in the kinetic equation Eq. 4 is assumed in the relaxation time approximation [28, 29]
where τ 0 is the intra-valley scattering time, τ v is the intervalley scattering time, and triangle brackets ... mean integration over the directions of momentum k taking into account the change of the phase space in the presence of the magnetic field
. It is convenient to define a function [29] Λ = n k,+ − n k,− and rewrite collision integral in the form
where 1/τ = 1/τ 0 + 1/τ v is the relaxation rate. Kinetic equations for the distribution functions in different valleys are coupled to each other by the last term in Eq. 10, which is proportional to the inter-valley relaxation rate, 1/τ v . We note that relaxation times generally depend on the Berry curvature in the presence of the magnetic field
, where τ 0,v andτ 0,v are some functions, which depend on the probabilities of elastic scattering of electrons on disorder [28] . In what follows, we assume that relaxation times are independent from energy and magnetic field.
Finally, expression for the current density J(r, t) is defined as [28]
where first term originates from the group velocity of the wavepacket, which contains contributions from the Berry curvature and magnetic orbital moment, while second term is coming from the curl of orbital magnetization of electrons.
Inserting expression from Eq. 7a into Eq. 11 one obtains
Here it is useful to note that terms in the integrand are proportional to either momentum k, chirality number s, or their product ks. Second Harmonic Generation. SHG is a response of the electric current at double frequency 2ω of propagating electromagnetic field with frequency ω. This effect is absent in systems with inversion centre provided the distribution function in the presence of the electromagnetic field is spatial independent. Although second harmonic can be generated at the surface of the system [26], we focus on the bulk properties of this effect and neglect surface contribution.
Let us remind the region of applicability of the quasiclassical approximation, which is used in this paper. We consider the wave-vector and the frequency of the electromagnetic wave to be much smaller than the Fermi momentum and Fermi energy of electrons q ≪ µ/v, ω ≪ µ. Thus, we do not consider interband contributions to SHG, which become important at ω ∼ 2µ. The magnetic field B c is assumed to satisfy
Classical effects of the magnetic field become important when the cyclotron frequency ω c is larger than the electron inverse mean free time 1/τ . We search for the approximate solution of kinetic equation Eq. 4, keeping contributions to the distribution function up to second power of incident electromagnetic field
is the Fermi distribution function defined with dispersion relation Eq. 6, which is modified by the orbital magnetic moment in the presence of magnetic field B c , and T ≪ µ is the temperature. We similarly expand the current density . Absorbing contributions up to the second power in the amplitude of incident radiation, one obtains expression for the current density J (2) at double frequency of electromagnetic wave in the form
We solve kinetic equation including second order corrections in amplitude of the electromagnetic field to the distribution function assuming the long wave limit of the response ω ≫ vq, and in first order in 2e c B c ·Ω k,s , see SM. Therefore we solve spatially independent kinetic equation in order to capture the correction to EB mechanism [26] of SHG originating from the topologically nontrivial electronic band structure. Wave-vector dependent contribution to SHG, the so-called qE 2 mechanism, is not under the scope of the present paper. Correction to qE 2 mechanism is a perturbation with a small parameter vqτ µ ωc ≪ 1, which is satisfied for ω ≪ ω c . We note that q-dependent corrections become important for frequencies ω ∼ ω c , at which v c µτ might be of the order of unity.
It is practical to use cylindrical coordinate representation, which simplifies solution of the kinetic equation in the presence of the magnetic field. Let us introduce new variables (k ⊥ cos(φ), k ⊥ sin(φ), k z ) = (k x , k y , k z ), which allows to rewrite 
where E 0 ·k = E 0,zkz + [E 0,x cos(φ) + E 0,y sin(φ)]k ⊥ and D k,s = 2D k,s − 1 is introduced for brevity. We observe that the right hand side of Eq. 16 contains terms that describe chiral anomaly and orbital magnetic moment contributions to SHG. Solution of the first order differential Eq. 16 is given by expression in Eq. 29 in SM.
Using the parity symmetry of the integrand in Eq. 12 with respect to sk, we keep terms that give non vanishing contribution to the second harmonic generation and neglect all other terms in equation for the second order correction to distribution function
First term on the rhs of this equation describes EBmechanism of the SHG, while other terms are corrections to this mechanism due to the topological band structure of Weyl semimetal. We also observe that correction to the inter-valley coupling Λ (2) does not contribute to SHG, which means that nontrivial topological corrections to n (2) k,s can exist even in the absence of the inter-valley relaxation. Although right hand side of Eq. 17 still contains terms ∝ cos(2φ) and ∝ sin(2φ), they will also not contribute to J (2) . Therefore, solution of Eq. 17 reduces to the solution of Eq. 16 and is given by Eq. 37 in SM. Quite lengthly general expression for SHG is given in SM by summarizing contributions from n Let us now discuss special cases of the solution. We find that SHG vanishes in the limit when B c = 0 and external field has only electric component, B 0 = 0, E 0 = 0. This result means that there is no contribution to J (2) , which is ∝ B c E 0,i E 0,j , where i, j ∈ x, y, z. In the limit when external magnetic field is turned off, B c = 0, while E 0 , B 0 = 0, SHG is determined by the well known EBmechanism, J (2) ∝ [B 0 × E 0 ]. In this paper we are interested in the case when the chiral anomaly is the dominant contribution to SHG. Assuming the inter-valley scattering time τ v to be much longer than the intra-valley scattering time τ 0 , τ v ≫ τ 0 , we arrive at our main result, the effect of the chiral anomaly on SHG, given in Eq. 1.
Summary. In conclusion, we have investigated the effect of chiral anomaly on SHG in centrosymmetric Weyl semimetal within the kinetic equation approach. We remind that SHG in systems with inversion centre requires incident radiation with finite wave-vector, while propagating electromagnetic wave with transverse polarization can not lead to the chiral anomaly. We show that applying a constant magnetic field in addition to propagating electromagnetic wave gives rise to the observable contribution of the chiral anomaly to SHG. 
Given that Ω k,s = sk/2k 2 the velocity of the wavepacket is obtained as
The current density is given by
+ ivk e c
We can write expression for the current density in the form
such that J
1,2 is a function of n
k,s , respectively. We search for the solution of kinetic equation perturbatively in powers of the amplitude of the incident electromagnetic field. We expand the distribution function around the equilibrium Fermi-Dirac distribution
where n (j) k,s is proportional to j-power of the amplitude of electromagnetic field. We similarly expand the function
and observe that Λ (0) = 0.
First order correction

Let us introduce new variables (k
and D k,s = 1 − sk zωc /2vk, whereω c = −evB c /ck is the cyclotron frequency of electron with momentum k. Note that in the main text we use ω c = vk µω c . Working in the long wave limit ω ≫ vq we will consider wave vector dependent contributions to the distribution function as a perturbation. We search for a solution in the limit when the distribution function is spacial independent function. Thus, kinetic equation for the first order correction n (1) k,s has the form
where we introduceD k,s = 2D k,s − 1 for brevity. Right hand side of this equation contains contributions from magnetic field B c , among which first term originates from the Berry phase contribution while second term is due to orbital magnetic moment. Noting that n
k,s depends on B c ·k ≡ B ckz , we can rewrite Eq. 27 in the form
where E 0 ·k = E 0,zkz + E 0,xk⊥ cos (φ) + E 0,yk⊥ sin (φ). The separation of variables along and transverse to the direction of magnetic field B c allows to solve this equation exactly. It is convenient to write the first order correction to the distribution function as n
k,s , where
Here we separate contributions to n
k,s from parallel and perpendicular components of the electric field E 0 with respect to B c . By integrating Eq. 28 over directions of momentum k, we find the first order correction to the inter-valley coupling in the form
Note that both orbital magnetic moment m k,s term through the magnetic field dependence of the distribution function n
k,s and Berry phase related term E 0 · B c contribute to Λ (1) .
SHG from first order correction
Contribution to SHG from n
k,s is defined as
We observe here that all terms are determined by the topological electronic band structure. Substituting solution for n
k,s given by Eq. 29 into Eq. 31 we find
in which vk 0 is the low energy cut-off and µ ≫ T, vk 0 is assumed. Here one might distinguish between contributions to SHG that originate solely from the intra-valley and inter-valley scattering processes. We also note that J
1 = 0 if either B 0 = 0 or B c = 0. Assuming the limit B c → 0 we obtain
First term describes the effect of chiral anomaly, second originates from orbital magnetic moment.
Second order correction
Assuming condition for transverse electromagnetic wave, E 0 · B 0 = 0, we write down equation for the second order correction n (2) k,s in the form
We observe that the part of the solution that is determined by the terms on the third line of this equation does not contribute to SHG within our linear in e c B c · Ω k,s approximation. Thus, we ignore them from our consideration for brevity. We emphasize that for B 0 = 0 the right hand side of this equation is given by −eE 0 · ∂n (1) k,s /∂k. Using the parity of the integrand with respect to sk it can be shown that SHG vanishes in this case.
We then find that Λ (2) = 0 together with n 
We observe that the first term on the rhs of this equation originates from the topological electronic band structure, which is a correction to the EB mechanism of SHG described by the last term. Quite lengthly solution of this equation is given bȳ 
We observe that in this limit topological band structure contribution to SHG, which originates from inter-valley scattering (first term on the second line), dominates over the intra-valley scattering contributions (other terms on the second line) if τ v ≫ τ . Inter-valley scattering contribution dominates over standard EB-mechanism if
